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Abstract 

It is argued that the appropriate macroscopic description of half-BPS mesonic chiral 
operators in generic (i = 4 !N = 1 toric gauge theories is in terms of the geometric 
quantization of smooth horizonless configurations. The relevance of different ensem- 
ble macroscopic descriptions is emphasized : lorentzian vs euclidean configurations as 
(semiclassical) microstates vs saddle points in an euclidean path integral. 
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1 Introduction 



Given a microscopic degeneracy (imicro(Qi) of states carrying charges Qj, one would like to 
have a macroscopic derivation of the same result 



in terms of manifest gravitational degrees of freedom to improve our understanding on the 
nature of quantum gravity and the emergence of spacetime. 

In string theory, it is generically expected that higher order corrections in both a' and 
Qs must play an important role in establishing an accurate connection. Even without their 
inclusion, progress was achieved with the construction of classical configurations carrying 
the same charges as black holes, but without a horizon. The latter helped to develop the 
fuzzball proposal (see [1] for original work and p] for reviews). 

This program has been made explicit for supersymmetric small black holes. In f3] , it was 
argued that in a given duality frame, either the system allows a' corrections to generate a 
horizon, or the system allows the existence of smooth horizonless configurations. Either way, 
the macroscopic description reproduces the microscopic entropy, either through euclidean 
path integral considerations or through geometric quantization [1]. 

In this note, we extend the arguments given in [3j to small black holes in AdS^. More 
precisely, we consider the macroscopic description of states belonging to the chiral ring in 
3\f = 4 SYM and the half-BPS mesonic chiral sector of generic Jsf = 1 toric quiver theories 
with conformal dimension A ~ iV^. The microscopic partition functions indicate that the 
growth in the entropy in these sectors is not fast enough to generate a macroscopic classical 
horizon. This is consistent with the existence of singular configurations with horizon at the 
singularity [3, El E] ■ It will be argued that a' corrections can not generate a horizon, because 
the charge dependence of the entropy in these sectors is not compatible with the existing 
scaling symmetry of the gravitational macroscopic classical lagrangian description. Exactness 
in the partition function for non-vanishing Qs suggests this conclusion is not modified by the 
full quantum macroscopic action. 

Since singular configurations do not belong to the configuration space of the macroscopic 
theory, these states must allow a description in terms of the geometric quantization of a set 
of smooth horizonless configurations, naturally generalizing the picture emerging in the 1/2 
BPS sector of ?\f = 4 SYM [8], where matching with the gauge theory was achieved in [9l[T0]. 

A brief discussion on the implications of these statements for large black holes is included 
at the end. The different role that different ensembles play is emphasized : on the one hand, 
the existence of scaling solutions [HI [T2] in the lorentzian (microcanonical) formulation, 
including the description of the interior of the black hole, and the relevance of both a' and Qs 
corrections to reproduce the microscopic entropy through geometric quantization [MKH]; on 
the other hand, the existence of smooth euclidean black hole configurations, for which such 
interior is removed, being saddle points of an euclidean path integral with suitable boundary 
conditions describing a canonical ensemble. This distinction is consistent with the lorentzian 
vs euclidean formulations of the AdS/CFT correspondence. 
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2 The scaling argument in AdS 



In this section, it is first reviewed the existence of an scahng symmetry for the classical type 
IIB string theory action [151 E] • The latter will be used to argue that a' corrections can not 
generate horizons for the subset of asymptotically AdS^ configurations considered in this 
note. 

The scaling symmetry consists of shifting the dilaton by a constant logA"^, keeping 
all other Neveu-Schwarz-Neveu-Schwarz (NS-NS) sector fields invariant and multiplying the 
Ramond-Ramond (RR) sector fields by A. The overall transformation scales the action by 

The argument below requires to know the scaling properties of the different charges. Since 
magnetic charges are directly related to the magnetic components of the different fields, we 
infere Q^'^sns remains invariant, while Q'^'^ is multiplied by A. On the other hand, since 
electric charges are related to the derivative of the action with respect to the electric field, 
Qnsns scales like A^, while Q'^^fi does so linearly. 

To explore the generation of horizons by a' corrections, we will study the entropy. Since 
the latter can be computed using Wald's formula [I6] for any given classical configuration, 
we conclude it scales quadratically under the scaling symmetry : 

'S'grav {^QrR, ^"^QnSNS^ QnSNs) ~ ^"^ ^gmv {Q RR, QnSNS^ QnSNs) ■ C^-^) 

As pointed out in [3], the above relation assumes the entropy for a given set of charges 
to be independent of the asymptotic value of the dilaton and the moduli arising in the RR 
sector. For asymptotically AdS^ configurations with constant dilaton and non-trivial RR 
flux at infinity, consistency of the scaling transformation of the different dynamical fields 
requires to keep the radius of AdS^ 

= 47r gsN invariant =^ Qs ^ gs , N ^ \ N 

i.e. to keep the 't Hooft coupling invariant. This is the scaling symmetry that will be used 
in this note. 



2.1 Half-BPS sector in X = 4 SYM 

The 'N = 4 SYM partition function for half-BPS states 

oo ^ 

^(-' ^) = n (2-2) 

n=0 ^ 



is not affected by quantum corrections, and as such it can be computed in the free theory 
limit and extrapolated to strong coupling. Here, u is the chemical potential for the number 
of D-branes N, q = with (3 the chemical potential dual to R-charge n = J. 
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This sector of the theory has no phase transition at large N ^7\. The entropy at very 
small chemical potential /3 with conformal dimension A = J ~ A^^ is p!8l ITT] 

^i/2-BPS oc ATlogAT. (2.3) 

This result captures the large temperature behavior of N harmonic oscillators plus an 
statistical factor. 

Given the exact nature of the partition function, we can estimate the size of an stretched 
horizon by comparing the field theory entropy with the Bekenstein entropy : 

5grav = 5l/2-BPS ~ ' ^ T'^^- ^^-^^ 

Thus, for half-BPS states of conformal dimension A ~ A^^, for which we expect to have 
a reliable gravitational description in terms of asymptotically AdS^ x spacetimes, this 
estimation confirms their degeneracy is not large enough to generate a macroscopic horizon, 
not even a string scale size one. 

Gravity description &; higher order corrections : There exist two classical descrip- 
tions in gravity with these quantum numbers and symmetries : 

• The extremal BPS limit of non-extremal single R-charged black holes j5|. This is 
a singular configuration, the so called superstar [19], in which the zero size horizon 
coincides with a null naked singularity. 

• There exist classical horizonless configurations with the same conserved charges as the 
superstar, which can be smooth if appropriate boundary conditions are chosen [8]. 

It is important to establish whether higher order a' corrections to supergravity can gen- 
erate a horizon, since our previous estimation only included the lowest order contribution 
to Wald's formula. To answer this question, notice that the gauge theory entropy depen- 
dence on the angular momentum J, which is an electric NS-NS charge, is proportional to 
V^logv^J- Thus, under the scaling symmetry (12. ip . the microscopic entropy satisfies, 

5'l/2-BPs('^^ J) 7^ -^^ Sgj.a.v{J) ■ (2.5) 

This scaling is not compatible with the one derived from a macroscopic (gravitational) de- 
scription of the system; thus, a' corrections to type IIB will not be able to generate any 
horizon and the superstar configuration will remain singular. 

Following the philosophy described in one reaches the conclusion that the superstar 
is not a proper classical solution to the equations of motion. Thus, it does not belong to 
the physical configuration space. On the other hand, we know of the existence of a classical 
moduli space of smooth horizonless configurations in [S], whose geometric quantization [4j 
reproduces the Hilbert space describing the 1/2 BPS sector in the gauge theory [TO]. One is 
thus left to conclude that the appropriate macroscopic description for these half-BPS states 
is in terms of the latter. 

^It is well known that states with A ~ 0(1) correspond to perturbative gravitons, those with A ^ 0{N) to 
(dual) giant gravitons and those with A O(iV^) to small black holes with suitable gravitational description. 
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Dependence on the ensemble : though the previous discussion is natural from a 
microscopic point of view, it was realized in [20] that the structure of typical states in such 
ensemble did not reproduce the superstar geometry. The reason is that many of the operators 
counted above do not describe a bound state of a given number Nc of giant gravitons. 
This can be relevant because the singular superstar is characterized by a non-trivial flux 
q/L"^ = Nc/N, accounting for such number. When such constraint is taken into accounlH, 
one is able to match the superstar geometry as the one corresponding to a typical state in 
the constrained ensemble. The entropy was computed in [20] to be 

LU'^ N 

'S'sstar = —Nlog , , , U = . (2.6) 

sstar (1 + 

Notice that u remains invariant under the scaling symmetry described above since Nc scales 
like A Nc, due to the fact that it is linear in the RR 5-form flux. 

The R-charge of the superstar satisfies J = u N'^/2. Thus, the entropy computed in the 
gauge theory satisfies S'sstar = y/J fi^) and as such, it still scales linearly in A. Thus, even 
working in this set of ensembles, the microscopic entropy will never scale as the macroscopic 
entropy computed from the type IIB macroscopic action. Our conclusion remains unchanged. 



2.2 1/4 and 1/8 BPS sectors in = 4 SYM 

The 3\f = 4 SYM partition functions in the 1/4 and 1/8 BPS sectors suffer from a discon- 
tinuity at the free theory point, but once the coupling is turned on, they are claimed to 
be exact [T7|. Thus, one can compute them at weak coupling and once again extrapolate 
to strong coupling. Another new feature in these sectors is the existence of a second order 
phase transition at large N. 

All required to extend our previous arguments to these sectors is to compute the entropy 
scaling with A^, check whether there is no macroscopic stretched horizon consistent with 
that scaling and to argue the microscopic entropy scaling is not consistent with the scaling 
symmetry required by the macroscopic lagrangian, ensuring a' corrections will not generate 
such horizon either. 

As explained in [17j, operators with conformal dimension A ~ A^^ and having equal U(l) 
R-charges, in the large N limit, belong to a phase in which the entropy scales as 

Sgauge(^, iV) ~ iVlogA^ with J^N^ (2.7) 

The existence of a macroscopic, or even string scale, stretched horizon requires 5'gauge ~ N"^, 
as seen from (12.41) . Thus, the entropy is not large enough to generate a horizon in classical 
gravity in both BPS sectors. 

As in the half-BPS case, the scaling of the gauge theory entropy under the existing scaling 
symmetry in the macroscopic description satisfies 

5'gauge(AV, XN) ^ A^ Sg,av( J, N) . (2.8) 
^The procedure is not unique, but for our purposes here we will not enter into the details of this subtlety 
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Thus, the identification Sgange{J, N) = Sgrav{J, N) is incompatible with such symmetry. As 
before, we conclude that such a' corrections will not be able to generate a horizon. This 
conclusion will also hold for corrections due to the exact character of the gauge theory 
partition function once Qs 7^ Qj. 



Gravity evidence : there exist analogous singular configurations to the 1/2 BPS superstar 
in the 1/4 and 1/8 BPS sectors, the extremal BPS limits of the corresponding multi R- 
charged black holes in AdS^ [5]. There has been some work searching for regular horizonless 
configurations asymptoting to AdS^ x preserving the right amount of supersymmetry and 
having the appropriate global symmetries [221 EBl EH |25], EE]. Even the characterization of 
the classical moduli space for such configurations is difficult due to the non-linearity of the 
differential equations describing the system (at least in the coordinates that have been used 
so far) and the global regularity requirements that must be imposed on them. 

In the 1/4 BPS case, such configurations are locally characterized by a four dimensional 
Kahler manifold 

ds"^ = -h-^ {dt + uj)^ + ( ^ dad^Kdz^dt + dy^] + y (e^ dVtl + #2) , (2.9) 

\Z + 1/2 / 

with Kahler potential K{y, z^,z^) satisfying a non-linear Monge- Ampere equation [25] : 

detdadhK = l(^Z + ^^ e-y^y"" , Z = -^ydy {y-'dyK) . (2.10) 

The entire configuration is determined in terms of K. Regularity requires a whole set of 
boundary conditions : first, from the behavior of the Kahler potential in the deep interior 
of the solution {y — > 0) [25\, giving rise to some droplet picture, and second, from some 
holomorphicity condition constraining the shape of the latter [26], derived by matching 
probe calculations with the supergravity analysis. It is these last conditions that render the 
solution to the Monge- Ampere equation fl2.10p unique, in perturbation theory 

In the 1/8 BPS case, supersymmetry requires the metric to locally satisfy [25] 

ds^ = -e^" {dt + u)^ + hijdx'dx^ + e^" dVtl , (2.11) 

where e^" = — 3i?~^, R being the scalar curvature of the six dimensional manifold that also 
satisfies the non-linear equation ^27j 

DqR = -Rij R'^ + ^ (2-12) 

Despite some analysis of regularity conditions given in [25], we are not aware of a complete 
attempt to investigate the global regularity of these configurations along the lines of [26] , 
attempting to match any such configuration with some classical probe profile. 

The arguments given above strongly suggest the existence of such configurations, a subset 
of them being smooth and whose geometric quantization should give rise to a Hilbert space 

■^The fact that these states do not correspond to black holes was already pointed out in [TS] , 
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matching the gauge theory description. This would provide with a macroscopic derivation of 
the results reported in [28] obtained through geometric quantization of the classical moduli 
space of dual giant gravitons in the probe approximation. The latter are obtained at weak, 
but non- vanishing string coupling and match the microscopic gauge theory partition function. 
Since these are independent of Qs, once the latter is different from zero, we expect an extension 
of the results reported in [10] for LLM configurations to these 1/4 and 1/8 configurations. 

2.3 Mesonic half-BPS sector in !N = 1 toric gauge theories 

The main conclusions of the previous sections can be extended to the mesonic half-BPS 
sector in generic 3\f = 1 toric quiver gauge theories dual to AdS^ x M^. 

Either by quantizing the classical moduli space of dual giants in these backgrounds [2911301 
[28] or by directly solving the combinatorial problem of counting the number of mesonic gauge 
invariant supersymmetric operators carrying some R-charge J [31], the partition functions 
in these sectors can be computed : 

oo ^ 

j=o ^ ^ ^ 

where aj stands for the degeneracy of single trace operators carrying charge J. 

Even though these partition functions do not include any fermionic contribution, they 
count the number of giant gravitons (or dual giant gravitons), by construction. These are 
the sources for the naked singularity existing in the supergravity configurations carrying the 
same amount of mass [HIE], extending the analysis and interpretation originally done in [19j 
in the context of N = 4 SYM and AdS^ x S^. Thus, this is the appropriate partition function 
to compare with the existing gravity configurations. 

It was shown in [31j and [32], using algebraic and geometric methods, respectively, that 
the J functional dependence of the dominant entropy contribution is, in the large charge 
limit, universal, in the sense that its scaling does not depend on the manifold M5 but rather 
only on the complex dimension of the cone manifold over M5. 

The large charge limit forces g — 1 (small chemical potential), but the behaviour of u 
determines distinct phases with different scaling entropy [31] : 

1. When q, u —>■ 1, the entropy is 

^gauge(J) ~ {VsC{^)f' J'" (2.14) 

where V3 is the normalised Einstein-Sasaki volume. 

2. When q 1 and 0, the entropy is proportional to A^logA^ 

S„{J)^N\ogN (2.15) 
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The second phase requires <^ J^^^, and the transition occurs at ~ J^/^. 

Since we are interested in operators of conformal dimension A ~ A^^, the system will be 
in the second phase. Given this microscopic gauge theory entropy, the estimation for the 
stretched horizon ph in (12. 4p still applies here [32] : 



where we used [33] ay^=iYo\{X) = aj^=4 Vol(S'^) and identified S'grav. = •S'gauge- Thus, if the 
gauge theory entropy does not grow like N"^, in the large N limit, the stretched horizon is 
not macroscopic, and not even string scale, since Qs N is large but finite. 

One may again worry about the role of quantum corrections in the macroscopic side of our 
description, but the scaling of the microscopic entropy S'gauge is again not compatible with the 
macroscopic scaling (12.11) required to be derivable from a type IIB macroscopic lagrangian. 
Thus, higher order a' corrections to the singular supergravity configurations [Gj [7] will remain 
singular. This discussion suggests that for all these theories and their gravity duals, there 
should exist a classical moduli space of horizonless smooth configurations whose quantization 
should reproduce the entropy counting from the gauge theory. Actually, following [31], the 
above claim can be extended to any cone over an Einstein-Sasaki manifold M^, and not just 
to toric cones. 

The gravity evidence in favour of our interpretation is very similar to the one explained in 
the 1/8 BPS sector in N = 4 SYM. Both cases have the same amount of supesymmetry, thus 
locally the metric will allow a similar decomposition to the one in (12.111) . The asymptotic 
boundary conditions will be different though : the asymptotic background should already 
break 1/4 of the supersymmetry, and it is the extra R-charge that breaks 1/2 of the remaining 
super symmetry. It is because of this fact that we expect a reduction in the difficulty of the 
non-linear equations once the appropriate supersymmetry is imposed. Some preliminary 
work was done in [55] for half-BPS states in AdS^ x Y^P'1\ but no regularity analysis was 



Once again, we are confident these configurations exist, and their geometric quantization 
will reproduce the mesonic partition function. This would be consistent with the geometric 
quantization of the classical moduli space of dual giant gravitons in the probe approximation 
[28] . Given the isomorphism between this Hilbert space of dual giants and of giant gravi- 
tons, and the non-renormalization in gg, we do expect supergravity to capture this same 
information. 

3 Discussion on large black holes 

It is important to extend the lessons above from small to large black holes. Different for- 
malisms may suggest different answers, but it will be argued this is not necessarily the 
case. Ensemble wise, one such formalism is intrinsically canonical in nature and is based 
on euclidean path integral considerations; the second one is micro canonical and based on 
lorentzian geometries. 



grav. 




(2.16) 



performed. 
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For small black holes that do not get corrected in a', both the lorentzian and euclidean 
versions of the hole are singular configurations. Thus, one is instructed [3] to consider the 
description in terms of horizonless configurations (if they exist). These being lorentzian 
geometries, the question remains as for a possible euclidean reformulation of this claim0. If 
the black hole gets corrected in a', euclidean path integral considerations can account for 
the entropy. This does not exclude though the existence of horizonless configurations when 
Qs corrections are also included in the lorentzian set-up. 

For large black holes, the last point is already relevant at lowest order in the classical 
action : lorentzian black hole solutions exist, with curvature singularities in their deep 
interior. As such, they are generically not solutions to the classical equations of motion. 
Their euclidean continuations, however, become saddle points in an euclidean path integral 
approach and are smooth (when suitable boundary conditions are imposed), at the expense 
of removing the interior of the geometry. It is this distinction that is at the core of the 
fuzzball proposal. 

By construction, such saddle points provide the dominant contributions to the macro- 
scopic entropy cimacro- Thus, the euclidean formalism knows about the total number of states, 
but information about the individual microstates seems to be lost (or it is not manifest in 
our current understanding). Notice this remark is consistent with the different available for- 
mulations of the AdS/CFT correspondence. There is an euclidean path integral formulation 
that allows to compute the partition function, and extract the total number of states, but we 
also know that the use of lorentzian geometry is essential to capture the difference between 
microstates through the expectation values of the different gauge invariant operators encoded 
in the boundary fall-off conditions of the different bulk fields [36]. As it is well-known [37], 
such saddle points are not a semiclassical description of states with well-defined mass and 
spin in a quantum gravity Hilbert space. 

To emphasize the dicotomy of these descriptions, let us review Sen's proposal to account 
for the macroscopic degeneracy of supersymmetric black holes having an AdS2 throat [5Sl EH] 



The s-th term represents the contribution from an s-centered black hole configuration; 
dhoiiQi) stands for the degeneracy associated with the horizon of the i-th black hole center 
carrying charge Qi] and c?hair(Qhair; {Qi}) stands for the hair degeneracy, i.e. smooth black 
hole deformations supported outside the horizon and sharing the same asymptotics. 

Sen's prescription uses a mixture of formulations. Indeed, whereas the contribution from 
the degrees of freedom localised at the horizon is captured by an euclidean path integral, both 
the contribution from horizonless configurations, through geometric quantization, and hair 
modes employ entirely lorentzian methods. Thus, for large black holes, there may appear to 
be a tension between both ensemble descriptions 

"'There exists the possibility of having singular configurations becoming smooth only after the inclusion 
of 5s corrections in a given duality frame. 



s 
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1. From an euclidean path integral perspective with standard boundary conditions, the 
contribution from the euchdean continuations of the horizonless configurations (if any) 
must be subleading. 

2. From a lorentzian geometry point of view, recent attempts to account for the mi- 
croscopic entropy through geometric quantization of scahng solutions [13l [H], in the 
supergravity approximation, showed their contribution was subleading. 

Even though this may suggest that the contribution from the quantization of the classical 
moduli space of horizonless configurations is always subleading for large black holes, both 
remarks are neither conclusive nor exclusive : 

1. If euclidean continuations of horizonless configurations do contribute at all to the stan- 
dard euclidean path integral formulation, their role may be quite different, since their 
"thermal" circles are non-contractible, whereas any black hole contribution from s > 1 
in (13.11) will involve contractible circles. Anyway, the precise rules to deal with these 
configurations in an euclidean path integral are currently not clear, and they may 
require to include complex metrics preserving the reality of the action. 

2. Higher order corrections, both in a' and ga-, should increase the degeneracy computed 
in [13] in the lorentzian geometry set-up. 

Interestingly, for half-BPS small black holes in AdS^, it was already shown in [20], that 
the singular small black hole (the superstar) did correspond to the typical microstate of 
the system. The matching involved a coarse-graining in the phase space of the quantum 
mechanics describing the dual system of free fermions (see [30] for a similar discussion in 
the D1-D5 system). After such coarse-graining has ocurred, the information regarding the 
individual microstates is partially lost; entropy is thus generated and the spacetime geometry 
becomes singular [H]. This procedure does attempt to establish a bridge between both 
formulations. Later, it was emphasized how difficult it is to tell apart such thermal density 
matrix from a given typical microstate [121 US], justifying why lorentzian black holes are 
such good approximations for semi classical physics considerations. But, despite capturing 
most of the (classical) information, these states are obviously different as quantum states: 
what remains true though, is the capture of the degeneracy of microstates by the thermal 
description. 

The idea is that a similar picture can emerge for large black holes. There is no reason 
to expect that such scenario can be checked at lowest order in supergravity. And indeed, 
the preliminary results reported in [11] do confirm this expectation. It does teach us that 
scaling solutions may well play a similar role to the horizonless configurations advocated in 
this work, but that they require higher order corrections, both in a' and gs to achieve this 
goal. 

It is clear that clarifying these issues is of primarily importance to unify recent devel- 
opments in the fuzzball proposal context with more traditional approaches to black hole 
entropy based on euclidean path integral formulations. It is also apparent that similar con- 
siderations will arise in any microscopic understanding of cosmological horizons and Rindler 
space. 
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